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Announcements

@ Homework 5 has been released due next Tuesday at 10pm.
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Announcements

@ Homework 5 has been released due next Tuesday at 10pm.
@ Matlab Assignment 3 due this Friday.

@ Lecture for Friday May 12th and Monday May 15th will be recorded
asynchronously and uploaded to Canvas. There will be no in person lecture
on Friday May 12th and Monday May 15th.
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Last Time

@ f:[0,00) — R, the Laplace Transform .Z{f}(s) = Sgc e f(r)dt,
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Last Time

@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

Q0
L{e"}(s) = J e Yemdt
0
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Last Time

@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

% e
L{e"}(s) = J e e"dt = {S“’ s

o undefined, s <a

So Z{e} is the function Z{e"}: (a,0) — R, L{f}(s) = .

sS—a
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Last Time

@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

o0 1
L{e"}(s) = J e Sefldr = { a7 s
0 undefined, s <a

So Z{e”} is the function Z{e"}: (a,0) — R, L{f}(s) = —.

@ Linearity of £: Suppose fi, f>: [0,0) — R are such that Z{f;}(s) and
Z{f>}(s) converge for s > a.
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Last Time

@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

0 1
L{e"}(s) = J e Meldr = 4 s—@ s
0 undefined, s <a

So Z{e”} is the function Z{e"}: (a,0) — R, L{f}(s) = —.

@ Linearity of £: Suppose fi, f>: [0,0) — R are such that Z{f;}(s) and
Z{f>}(s) converge for s > a. If C; and C, are constants and s > « then

Z{Cifi + Cop}(s) = CLL{fHs) + C:Z{fo}(s)
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@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

Es 1
L{e"}(s) = J e edt = {S“’ s

o undefined, s <a

So Z{e”} is the function Z{e"}: (a,0) — R, L{f}(s) = —.

@ Linearity of £: Suppose fi, f>: [0,0) — R are such that Z{f;}(s) and
Z{f>}(s) converge for s > a. If C; and C, are constants and s > « then

ZA{Cifi + C2fa}(s) = CLZ{f}(s) + C2Z{f2}(s)
e.g. if f(t) = 3e* —5e~" + 2 thenfor s > 2
Z{f}(s)
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@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

% e
L{e"}(s) = J e e"dt = {S“’ s

o undefined, s <a

So Z{e”} is the function Z{e?}: (a,0) — R, L{f}(s) = =

@ Linearity of £: Suppose fi, f>: [0,0) — R are such that Z{f;}(s) and
Z{f>}(s) converge for s > a. If C; and C; are constants and s > « then

L{C1fi + C2fa}(s) = CLL{f}(s) + CZ{fo}(5)
e.g. if f(t) = 3e* —5e~" + 2 thenfor s > 2

ZL{fHs) = L3 —5¢7" +2}
= 3.2{e¥}(s) — 5L{e "} (s) + 2.2{e""}(s)
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Last Time

@ f:[0,50) — R, the Laplace Transform .Z{f}(s) = § e~ f(1)dt, e.g. if
a € R is constant,

% e
L{e"}(s) = J e e"dt = {S“’ s

o undefined, s <a

So Z{e”} is the function Z{e?}: (a,0) — R, L{f}(s) = =

@ Linearity of £: Suppose fi, f>: [0,0) — R are such that Z{f;}(s) and
Z{f>}(s) converge for s > a. If C; and C; are constants and s > « then
Z{Cifi + Cofo}(s) = CLZ{fH(s) + CL{f2}(s)
e.g. if f(t) = 3e* —5e~" + 2 thenfor s > 2
ZL{fHs) = L3 —5¢7" +2}

= 3.2{e¥}(s) — 5L{e "} (s) + 2.2{e""}(s)
3 5 2

s—2 s+1+s'
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

| " oy

exists provided f(¢) is piecewise continuous over the interval [a, b].
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

| " oy

exists provided f(¢) is piecewise continuous over the interval [a, b].

@ [ piecewise continuous on [a, b] <= f is continuous on [a, b] except
possibily at finitely points where f has jump discontinuities.
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

| " oy

exists provided f(¢) is piecewise continuous over the interval [a, b].

@ [ piecewise continuous on [a, b] <= f is continuous on [a, b] except
possibily at finitely points where f has jump discontinuities.
Definition

f is piecewise continuous on [0, o) if f is piecewise continuous on [0,b) Vb > 0.
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

Lb f()dt

exists provided f(¢) is piecewise continuous over the interval [a, b].

@ [ piecewise continuous on [a, b] <= f is continuous on [a, b] except
possibily at finitely points where f has jump discontinuities.
Definition
f is piecewise continuous on [0, o) if f is piecewise continuous on [0,b) Vb > 0.

Theorem
Suppose f is piecewise continuous.
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

Lb f()dt

exists provided f(¢) is piecewise continuous over the interval [a, b].

@ [ piecewise continuous on [a, b] <= f is continuous on [a, b] except
possibily at finitely points where f has jump discontinuities.
Definition

f is piecewise continuous on [0, o) if f is piecewise continuous on [0,b) Vb > 0.

Theorem

Suppose f is piecewise continuous. If there exist constants T, M, and a such that
forallt > T

If(2)] < Me™, (exponential order «)
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Existence of the Laplace Transform |

Let f: [0,00) — R be a function. If 0 < a < b < oo then the definite integral

Lb f()dt

exists provided f(¢) is piecewise continuous over the interval [a, b].

@ [ piecewise continuous on [a, b] <= f is continuous on [a, b] except
possibily at finitely points where f has jump discontinuities.
Definition

f is piecewise continuous on [0, o) if f is piecewise continuous on [0,b) Vb > 0.

Theorem

Suppose f is piecewise continuous. If there exist constants T, M, and a such that
forallt > T

If(2)] < Me™, (exponential order «)

then Z{f}(s) := limy_,o Sf)v e "' f(¢)dt converges for all s > a.
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Existence of the Laplace Transform I

Example

Determine which of the following functions satisfy the hypotheses of the theorem
on the previous slide.

fya-1), %1 1L os<r<s
(a) f(f){o, fe1’ (b) f(t){e[z’ 5 <1< oo,
e, 0<1<30
(© fin)= {e sin(2¢), t =30
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Existence of the Laplace Transform I

Example

Determine which of the following functions satisfy the hypotheses of the theorem
on the previous slide.

fya-1), %1 1L os<r<s
(a) f(t){o’ fe1’ (b) f(t){etz’ 5 <1< oo,
e, 0<1<30
(© fin)= {e sin(2¢), t = 30.

(a) Not piecewise continuous at t = 1. So the hypotheses are not satisfied.
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Existence of the Laplace Transform I

Example

Determine which of the following functions satisfy the hypotheses of the theorem

on the previous slide.

B 1/(I—1), t#1 _ 1, 0<tr<5
(a) f(f){o’ P 1) fm{e’z, 5<t<o0.
€t2, 0<tr<30
© 1) = {e3f sin(21), 1> 30.

(a) Not piecewise continuous at t = 1. So the hypotheses are not satisfied.

(b) Not of exponential order. So the hypotheses are not satisfied.
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on the previous slide.

B 1/(I—1), t#1 _ 1, 0<tr<5
(a) f(f){o’ P 1) fm{e’z, 5<t<o0.
€t2, 0<tr<30
© 1) = {e3f sin(21), 1> 30.

(a) Not piecewise continuous at t = 1. So the hypotheses are not satisfied.

(b) Not of exponential order. So the hypotheses are not satisfied.

(c) The hypotheses are satisfied, for t > 30, |f(7)| = |sin(¢)e¥| < €.
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Existence of the Laplace Transform I

Example
Determine which of the following functions satisfy the hypotheses of the theorem
on the previous slide.
1/t—1), t#1 I, 0<r<5
a t) = s b t) =
@ 10 {0’ o (b) f(r) { S
e, 0<t<30
c
(© fin)= {e sin(2¢), t = 30.

(a) Not piecewise continuous at t = 1. So the hypotheses are not satisfied.
(b) Not of exponential order. So the hypotheses are not satisfied.

(c) The hypotheses are satisfied, for t > 30, |f(7)| = |sin(¢)e*| < ¢*. By the
theorem Z{f}(s) is defined for s > 3.
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The Translation Property of Laplace Transform

@ Let £(r) = 1 so that Z{f(1)}(s) = Z{""}(s) = 1/s.
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The Translation Property of Laplace Transform

@ Let £(r) = 1 so that Z{f(1)}(s) = Z{""}(s) = 1/s.

@ We've seen that if a € R is constant then

L{e"f(1)}(s)
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The Translation Property of Laplace Transform

@ Let £(r) = 1 so that Z{f(1)}(s) = Z{""}(s) = 1/s.

@ We've seen that if a € R is constant then

L{ef(1)}(s) = L{e"}(s)
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

L FOHs) = LN (s) = —

§s—a
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

2L FO)(s) = L{Hs) = —

—a

= Z{f(1)}(s — a).
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

2L FO)(s) = L{Hs) = —

—a

= Z{f(1)}(s — a).

In general .Z converts multiplication by ¢ into a translation of a units rightward.
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

2L FO)(s) = L{Hs) = —

—a

= Z{f(1)}(s — a).

In general .Z converts multiplication by ¢ into a translation of a units rightward.

Theorem
If the Laplace transform of a function f exists for s > «, then

Ll f(0)}(s) = L{f(O)}(s—a) fors>a+a.
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

2L FO)(s) = L{Hs) = —

—a

= Z{f(1)}(s — a).

In general .Z converts multiplication by ¢ into a translation of a units rightward.

Theorem
If the Laplace transform of a function f exists for s > «, then

Ll f(0)}(s) = L{f(O)}(s—a) fors>a+a.

Example
Let a € R be constant, w > 0, and n € Z,.

(a) Given that Z{sin(wt)} = =% for s > 0, calculate £ {e" sin(wt)}(s).

v
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The Translation Property of Laplace Transform

@ Let f(t) = 1 sothat Z{f(1)}(s) = L{e""}(s) = 1/s.
@ We've seen that if a € R is constant then

2L FO)(s) = L{Hs) = —

—a

= Z{f(1)}(s — a).

In general .Z converts multiplication by ¢ into a translation of a units rightward.

Theorem
If the Laplace transform of a function f exists for s > «, then

Ll f(0)}(s) = L{f(O)}(s—a) fors>a+a.

Example
Let a € R be constant, w > 0, and n € Z,.

(a) Given that Z{sin(wt)} = =% for s > 0, calculate £ {e" sin(wt)}(s).

(b) Given that Z{i"}(s) = -4+ for s > 0, calculate £ {e“1"}(s).

v
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First Derivatives in 7-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.
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First Derivatives in 7-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.

Theorem

Let f: [0,00) — R be differentiable function such that
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First Derivatives in 7-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.

Theorem

Let f: [0,00) — R be differentiable function such that

@ f/(t) is piecewise continuous,
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First Derivatives in 7-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.

Theorem
Let f: [0,00) — R be differentiable function such that
@ f/(t) is piecewise continuous,

@ f(r) and f'(r) are both of exponential order a.
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First Derivatives in 7-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.

Theorem
Let f: [0,00) — R be differentiable function such that
@ f/(t) is piecewise continuous,

@ f(r) and f'(r) are both of exponential order a.
If s > « then

Z{f (0}(s) = sZ{f()}(s) — £(0).
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First Derivatives in t-space

We can derive an extremely useful relationship between .Z{f(¢)} and .Z{f'(r)}.

Theorem
Let f: [0,00) — R be differentiable function such that

@ ['(1) is piecewise continuous,
@ f(r) and f'(r) are both of exponential order a.

If s > « then

Z{f (0}(s) = sZ{f()}(s) — £(0).

Example
Let w > 0 be constant. Given that
Lisin(w)}(s) = —=—,  s>0

s2 4+ w?’

Calculate

(@) Z{cos(wr)}, (¢) Lfsin*(wr)}, (€) ZL{cos*(wr)}.
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Higher Order Derivatives in t-space

Recursively applying the formula . Z{f"}(s) = s-Z{f}(s) — f(0) we obtain.

Corollary
Suppose f: [0.00) — R is a function such that
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Recursively applying the formula . Z{f"}(s) = s-Z{f}(s) — f(0) we obtain.

Corollary
Suppose f: [0.00) — R is a function such that

@ f(1), f'(1),..., " (r) are differentiable and ) is piecewise continuous.

MATH 20D Spring 2023 Lecture 16. May, 2023, San Diego 12/12



Higher Order Derivatives in t-space

Recursively applying the formula . Z{f"}(s) = s-Z{f}(s) — f(0) we obtain.

Corollary
Suppose f: [0.00) — R is a function such that

@ f(1), f'(1),..., " (r) are differentiable and ) is piecewise continuous.

@ f(1),f(1),...,f"(r) are all of exponential order a
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Higher Order Derivatives in t-space

Recursively applying the formula . Z{f"}(s) = s-Z{f}(s) — f(0) we obtain.
Corollary
Suppose f: [0.00) — R is a function such that

@ f(1), f'(1),..., " (r) are differentiable and ) is piecewise continuous.
@ f(1),f(1),...,f"(r) are all of exponential order a

Then for s > «,
LMY (s) = S L{(s) — 7 f(0) — " 72F(0) — - - — F7I(0).
In particular Z{f"}(s) = s>Z{f}(s) — sf(0) — £(0).
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Higher Order Derivatives in t-space

Recursively applying the formula . Z{f"}(s) = s-Z{f}(s) — f(0) we obtain.

Corollary
Suppose f: [0.00) — R is a function such that

@ f(1), f'(1),..., " (r) are differentiable and ) is piecewise continuous.
@ f(1),f(1),...,f"(r) are all of exponential order a

Then for s > «,
LMY (s) = S L{(s) — 7 f(0) — " 72F(0) — - - — F7I(0).
In particular Z{f"}(s) = s>Z{f}(s) — sf(0) — £(0).

Example
Given that

g{tS/Z} _ ﬁ

IR s>0

Calculate the Laplace transform .#{ v/1}.
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